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Abstract. We investigate the large-time behavior of the solutions of the two-dimensional 
Keller-Segel system in self-similar variables, when the total mass is subcritical, that is less than 
8 7r after a proper adimensionalization. It was known from previous works that all solutions 
(N : converge to stationary solutions, with exponential rate when the mass is small. Here we 

remove this restriction and show that the rate of convergence measured in relative entropy is 
exponential for any mass in the subcritical range, and independent of the mass. The proof 
relies on symmetrization techniques, which are adapted from a paper of J.I. Diaz, T. Nagai, 
and J.-M. Rakotoson, and allow us to establish uniform estimates for L p norms of the solution. 
Exponential convergence is obtained by the mean of a linearization in a space which is defined 
consistently with relative entropy estimates and in which the linearized evolution operator 
0^ ' is self-adjoint. The core of proof relies on several new spectral gap estimates which are of 

independent interest. 
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^3 1 1. Introduction 
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Consider the two-dimensional parabolic-elliptic Keller-Segel system 
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9u ^ Au-V ■ {uVv) xeM 2 , t>0 
G 2 *u x G R 2 , t > 

u(0,x) = n > x£R 2 , 
where G 2 denotes the Green function associated to - A on M 2 : 



O ■ G2{x) := -— log\x\ , x£ 



d2 



2tt 

The equation for the mass density u is parabolic, while the chemo-attractant density v solves an 
(elliptic) Poisson equation: —Av = u. The drift term corresponds to an attractive mean-field 
nonlinearity, which has attracted lots of attention in mathematical biology in the recent years: 
see [Ml E3 ESI EH ESI EH] for some recent overviews. According to [23 E31 EDI E5] , it is known 
& ■ that if 

(1.2) no G L l , (m? , (1 + \x\ 2 ) dx) , n |logn | G L 1 ^ 2 ) and M := n dx < 8vr , 

then there exists a solution u, in the sense of distributions, that is global in time and such that 
M = f R2 u(t,x) dx is conserved along the evolution in the euclidean space M 2 . There is no 
non-trivial stationary solution of (ll.lj) and any solution converges to zero locally as time gets 
large. In order to study the asymptotic behavior of u, it is convenient to work in self-similar 
variables. We define R(t) := y/1 + 2 1, r(t) := log i?(t), and the rescaled functions n and c by 

u(t,x) := R~ 2 (t)n (r(t), i? _1 (t) x) and v(t, x) := c (r(t), R^it) x) . 
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This time-dependent rescaling is the one of the heat equation. We observe that the non-linear 
term is also invariant under such a rescaling. The rescaled systems reads 



(1.3) 



| = An + V- (nx)-V-(nVc) x£R 2 , t>0 

p2 



c = G 2 *n x €R 2 , t>0 , 

n(0,x) = n > i£l 2 . 
Under Assumptions (jl.2p . it has been shown in [101 Theorem 1.2] that 
lim \\n(t, •) - riooW^,^) = and lim || Vc(t, •) - Vc^H^a 



where (n^ , c^ ) solves 



-\x\ 2 /2 



(1.4) = M —2— with = G 2 * . 

J]R2 e c °° l x l l z ax 

Moreover, is smooth and radially symmetric. Existence of a solution to (jl.4p has been 
established in [2] by ordinary differential equation techniques and in [M] by partial differential 
equation methods. The uniqueness has been shown in [5j. To recall the dependence of 
in M, we will write it as n^^i whenever needed. 

A simple computation of the second moment shows that smooth solutions with mass larger 
than 8tt blow-up in finite time; see for instance [27]. The case M = 8ir has been extensively 
studied. We shall refer to [5j [61 [7J for some recent papers on this topic. The asymptotic regime 
is of a very different nature in such a critical case. In the present paper, we shall restrict our 
purpose to the sub-critical case M < 8 tt. 

In [8] it has been proved that there exists a positive mass M* < 8 7r such that for any initial 
data no 6 -L 2 (n^ c 1 dx) of mass M < M+ satisfying (|1.2p . System (II. 3D has a unique solution n 
such that 

In^xl-jioJx)! 2 ^— <Ce~ St Vt>0 
noo(x) 

for some positive constants C and 5. Moreover 5 can be taken arbitrarily close to 1 as M — > 0. 
If M < 8 7T, we may notice that the condition no G L 2 (n^ dx) is stronger than (jl.2p . Our main 
result is that M* = 8 7r and <5 > 1, at least for a large subclass of solutions with initial datum 
no satisfying the following technical assumption: 

(1.5) 3eG(0,87r — M) such that / no,*(cr) da < \ n oc , i Af +e (x) dx Vs > . 

Jo Jb{o,^/7J^ 

Here no,*(cr) stands for the symmetrized function associated to no- Details will be given in 
Section [2j 



Theorem 1. Assume that no satisfies (jl.5p . 

no G L^n^ 1 dx) and M := no dx < 8ir . 

Jr 2 

Then any solution of (jl.3p with initial datum no is such that 

\n(t,x)-n O0 (x)\ 2 -^—<Ce~ 2t Vt>0 
noo(x) 

for some positive constant C , where is the unique stationary solution to (jl.4p with mass M. 

This result is consistent with the recent results of [TT] for the two-dimensional radial model 
and its one-dimensional counterpart (see Proposition[l6]for more comments). For completeness, 
let us mention that results of exponential convergence for problems with mean field have been 
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obtained earlier in [16[I17]. but only for interaction potentials involving much smoother kernels 
than Gi. 

Our paper is organized as follows. In Section [21 we will apply symmetrization techniques 
as in |20[ [21] to establish uniform estimates on l^ll^p^)- Then we will prove the uniform 
convergence of n to using Duhamel's formula: see Corollary [7] in Section [3l Section H] is 
devoted to the linearization of the problem around and to the study of the spectral gap 
of the linearized operator. A strict positivity result for the linearized entropy is also needed 
and will be proved in Section The proof of Theorem Q] is completed in the last section. It 
is based on two estimates: Theorems 1151 and 1171 (also see Corollary I18p that are established in 
Sections [4] and [5] respectively. Some of the results of Sections [4] and [5] (see Theorem [15] and 
Corollary 1 18j) have been announced without proof in [12] in connection with a new Onofri type 
inequality, whose linearized form is given in Inequality ([5.2 j) . 



2. Symmetrization 

In this section, we adapt the results of J.I. Diaz, T. Nagai, and J.-M. Rakotoson in [21] to the 
setting of self-similar variables. Several key estimates are based on an earlier work of J.I. Diaz 
and T. Nagai for the bounded domain case: see [20j. We shall therefore only sketch the main 
steps of the method and emphasize the necessary changes. 

To any measurable function u : ]R 2 i— > [0, +oo), we associate the distribution function defined 
by l^(t,r) := \{u > t}\ and its decreasing rearrangement given by 

u* : [0,+oo) — > [0,+oo] , s i-> u*(s) = inf{r > : fJ-(t,r) < s} . 

We adopt the following convention: for any time-dependent function u : (0, +oo) x IR 2 — > 
[0,+oo), we will also denote by u* the decreasing rearrangement of u with respect to the 
spatial variable, that is, u*(i, s) = u(i, .)*(s). 

Rearrangement techniques are a standard tool in the study of partial differential equations: 
in the framework of chemotaxis, see for instance [T|ll8[l33] in case of bounded domains, and [21] 
for unbounded domains. Let us briefly recall some properties of the decreasing rearrangement: 

(a) For every measurable function F : R + i— > M + , we have 



/ F(u) dx = F(u*) ds . 
Jr 2 Jo 



In particular, if u G L P (R N ) with 1 < p < oo, then ||w||i>(iRiV) = H^H^ 
(b) If u £ W l,q (0,T; L P (M> N )) is a nonnegative function, with 1 < p < oo and 1 < q < oo, 
then G W 1,q (0, T; L p (0, oo)) and the formula 

^ ( *' T) du* , . , f du 



L 



^-(t,a) da = [ ^-{t,x)dx 

Ot Jlu(t,-)>T\ Ut 



01 J{u{t,-)>r} 

holds for almost every t G (0, T). Here /u(i,r) denotes \{u(t,-) > r}|. See [2H Theo- 
rem 2.2, (ii), p. 167] for a statement and a proof. 

As in [21], let us consider a solution (n,c) of (|1.3j) and define 

k(t,s):= / n*(t,a) da 



o 



The strategy consists in finding a differential inequality for k(t,s). Then, using a comparison 
principle, we will obtain an upper bound on the LP norm of n. In [21], the method was applied 
to ([Lip , Here we adapt it to the solution in rescaled variables, that is f j 1 . 3 1) . 
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Lemma 2. If n is a solution of fll .3 j) with initial datum no satisfying the assumptions of 
Theorem^ then the function k(t,s) satisfies 

k£L°° ([0, +oo) x (0, +oo)) n H 1 ([0, +oo); W£f (0, +oo)) n L 2 ([0, +oo); Wjjf (0, +oo)) 

and 

r §-4vrs0- (fc + 2s)§ < a.e. in (0, +oo) x (0, +oo) , 
0) = , k(t, +oo) = J R2 ™0 dx for t G (0, +oo) , 
fc(0, s) = J s (n )* da for s > . 

Proof. The proof follows the method of [214 Proposition 3.1]. We will therefore only sketch the 
main steps that are needed to adapt the results to the setting of self-similar variables and refer 
to |21j for all technical details. 

For t G (0, n*(i, 0)) and h > 0, define the truncation function T T ^ on (— oo, +oo) by 

if s < t 
= <> s — T \i T < s <T + h 
h if r + h < s 



and observe that T Tth (n(t, •)) belongs to W l > p (R 2 ) since n(t, •) G W l > p (R 2 ) and T T>h is Lipschitz 
continuous. Now we integrate (|1.3|) against T T ^(n) over IR 2 , and integrate by parts to obtain 



/ ^ T T h (7i) dx + [ VnVT Th (n) dx = [ n (Vc - x) VT T 



ft (n) fix . 



We have that \{n = t}\ = for almost every r > 0. Hence one can prove that 



lim 



1 



dn 



/l-S-0 h Jtr2 dt 

Next we observe that 



T T)h (n) dx 



{n>r} 



dn dk . . . . 

(r, x) ax = -7— (i, rjj . 



at 



lim 

/i->0 Al 



- / VnVT r /i(n) dx = lim -r\\ 
h Jr 2 h \ V J{„ >T } 



|Vn| dx 



|Vn| dx 



{n>r+h} 



d_ 



|Vn| dx . 



{n>r} 



Consider the function 



if s < T 



\{s 2 - r 2 ) if r < s < r + /i 



T 9T ^/ ^ a J 
* T|h = y o a— (a)da=< 

h(r + |) if r + /i< s . 
Integrating the Poisson equation for c against $> Tt h(n), we get 

/ VcV$ Ti ft(rj) dx = n\7cVT Tjh (n) dx = n$ Tih (n) dx , 

7R2 J R 2 J R 2 
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thus proving that 



1 f 

lim — / nVc VT T h{ n ) dx 
h-+0+ h J R 2 

n (n 2 — r 2 ) dx + 



lim ( — - 

h-+0+ \2h J{ T< n<T+h} 



n it 



{n>r+h} 



+ §) da; 



r 



dk 



ndx = m(*> r )) M<> r )) 

'{n>r} C s 

since r = n*(t, t)) = /x(*,t)) and J/ n>T T. " cte = f^^' n*(t, s) ds = k(t, n(t,r)). On 
the other hand, 

2 



lim — / n(x) x ■ VT T h{x) dx dx = lim — / x • V$ r ^(n) = — lim 



§T,h{n) dx 



dk 

2T\{n>T}\ = -2—(t,fJl(t,T))fJl(t,T) . 



Using the inequality 



47TAl(t,T) < ^(t,T)^- [ |V 

5r 9t 7 {n>r} 



re I (ix , 



(see [201 Proof of Lemma 4, p. 669], and also [33l PP- 25-26] or [18j p. 20], and [37) for an earlier 
reference) we obtain 



1 < 



for almost every r G (0, n*(t, 0)). Integrating over (ti,T2) C (0,n*(f,0)), as in [191 Lemma 2], 
we get 

1 fri*,T2) f g k g k \ ds 

— (t,s) + —(t,s)(k(t,s) + 2s)j — < n -T 2 



47T 



where 



dk dk 

— (t, n(t,Tx)) - —(t,fl(t,T 2 )) . 



n - t 2 

Hence dividing by (fJ,(t, t 2 ) — fJ,(t, t 2 )) and then taking the limit completes the proof. 



□ 



The next result is adapted from [201 Proposition A.l, p. 676] and [2TJ Proposition 3.2, p. 172]. 
Although it is unnecessarily general for our purpose, as the function g below is extremely well 
defined (and independent of t), we keep it as in J.I. Diaz et al. and give a sketch of the proof, 
for completeness. 

Proposition 3. Let f , g be two continuous functions on Q = IR + x (0, +oo) such that 
(i) /, g G L-(Q)nL 2 (0,+oo;Wf o f(0,+oo)) ; §£, §f G L 2 (0, +oo; L 2 OC (0, +oo)), 



(ii) s) < C(t) and g§(i,s) < C(i)max{s 1 / 2 ,1}, for some continuous function 

t i-> C(t) on R+. 
If f and g satisfy 

( % -4^S-(/ + 2 S )f <§f -4*s$-{g + 28)% a.e. in Q , 
f(t, 0) = = g(t, 0) and f(t, +oo) < g(t, +oo) for any t G (0, +oo) , 
/(0, s) < g(0, s) for s > , and g(t, s) > in Q , 



9g 
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then f < g on Q. 

Proof. Take w = f — g. We have 

dw d 2 w dw df dw 

at ds z os os os 

Multiplying by w + /s, and integrating over (5, L) with < 5 < 1 < L, we obtain 



1 d f Lw + j a f L f dw +\\ 

ml -t A » + i *L tar' ds 



. dw+ , . , . 
4ir -Q—(t,s)w + (t,s) 



s=L 



.) ds 



-s~Js ^ 

L ( 2 df dw \ ds 

- 1 {w +ds- + w+ ^ 9 7 



thus showing that 

1 d f L w 2 rL ^ 2 rL "" 2 



2 dt h s 



ds + 4n[ (°%±) ds<C(t)[ ^±ds+t ^±^gds + G(tAL) 
J 8 \ ds J J 5 s Js s ds 



where G(t, 5, L) uniformly (with respect to t > 0) converges to as 5 — > and L — > +oo. Now 
using the fact that g(t, s)/y/s < C(t) we obtain that, for some constant K > 0, 

yielding 

TT^/ -±ds<(l + KC(t))C(t) -^ds + G(t,5,L). 
2dtJ s s Js s 

From GronwalPs lemma and w + (0,s) = 0, with R(t) := 2 J"*(l + K C (t)) C (t) dr , it follows 
that 

«L „„2 ft 



[ ^± ds < 2e R V [ e- R ^G(r,S,L)dr 

Js 8 Jo 



Taking the limit as 5 — > and L — > +oo, we obtain 

00 w 2 

— t < , 
s 

which implies f < g and concludes the proof. □ 
Using Lemma [2] and Proposition [3l we can now establish uniforms bounds on (r 2 ) an d 

l|Vc|| L <x>( R 2). 

Theorem 4. Assume that uq £ L 2 ^ (raT^ 1 dx) satisfies (|1.5p and M := J K 2 ^ < 8 7r. T/ien 
i/iere exisi positive constants C\ = C\{M,p) and C2 = C*2(M,p) suc/i i/iai 

||«||lp(r2) < Ci a^d l|Vc|| i0 o( R 2) < C 2 . 

Proof. The function M £ (s) := J*^ .^/jt^ ^oo,m+e dx satisfies 

4tt s M" + 2 s M' £ + M e M' £ = . 
By direct application of Proposition [3j we obtain 

k{t,s)<M £ (s) V(t,a)eQ. 
By [Hp- 74] or [T21 Lemma 1.33], we deduce 

ll n *lliP(0,oo) < 1 1 -^e I Up (0,oo) ! 

which yields the result. More details on M £ and cumulated densities will be given in Section r4.51 

□ 
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3. Uniform convergence 

Wit the boundedness results of Section [2] in hands, we can now prove a result of uniform 
convergence for n and Vc, if (n, c) is given as a solution of (|1.3j) satisfying the assumptions of 
Theorem [TJ 

Consider the kernel associated to the Fokker-Planck equation 

K{t,x,y):=——^ e -5 i£| 2 , i/el 2 , i>0. 

Z7T (1 — e zt ) 

This definition deserves some explanations. If n is a solution of 

— - = An + V • (n x) 

dt y ' 

with initial datum no, then n(r, £) = R~~ 2 n (log -R, -R" 1 £) with = i?(r) = \/l + 2 r is a 
solution of the heat equation 

<9n 



An , n(r = 0, •) = no 

OT 



whose solution is given by 



u(£,t) = - / e 4r n (y) dy 

4 7T T 



By undoing the change of variables, we get that the solution of the Fokker-Planck equation is 
given by 



n(t,x) = K(t,x,y)n (y) dy . 

Jm. 2 

Consider now a solution of (|1.3p . We have the following Duhamel formula. 

Lemma 5. Assume that n is a solution of (II. 3p with initial data satisfying (11.21) . Then for 
any t > 0, x £ R 2 ; we have 



n(t, x)= Kit, x, y) n (y) dy + 



/ / V x K(t - s,x,y) ■ n(s,y)Vc(s,y) dy ds . 
Jo Jm 2 



This is a standard fact whose proof relies on the fact that (t, x) i— > K(t, x, y) is a solution of 
the Fokker-Planck equation with a <5-Dirac function initial value. Details are left to the reader. 

Using the semi-group property, the expression for n(2t,x) found in Lemma[5]can be written 
in terms of n(t, x) as 

n(2t,x)= K(t,x,y)n(t,y) dy +/ / V x K(2t - s,x,y) ■ n(s,y)Vc(s,y) dy ds 

Jr 2 Jt JR 2 

for any t > 0. Since is a stationary solution, we can also write that 

noo(x) = / K(t,x,y)n 00 (y) dy + / / V x K(2t - s,x,y) ■ n O0 (y)Vc oo (y) dy ds 
Jm? Jt Jm 2 

for any t > 0. By taking the difference of the two expressions written for n(t, x) and n m 
respectively, we get that 

n(2t,x) - noo(x) = / K(t,x,y) (n(t,y) - n^y)) dy ds 



2f 



V x K(2t - s,x,y) ■ (n(s,y)Vc(s,y) - n^y) Vc^y)) 
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This provides a straightforward estimate, which goes as follows: 
\\n(2t, •) - noo|li,°o( M 2) < \\K(t, •, Olli^^xK 2 ) ||™(*> ') ~ n oo|| L i( 

+ I l|Vif(a,-j-)IU«»(R3;Ji'-(R3))rfs + ^(<) 
Jo 

where | + - + - = 1 with p G [1, oo), (/ G [2, oo) and r G (1, 2), and where 



lZ(t) :— sup (J|^(s, 0IIlp(r 2 ) ll^ c ( s 5 ') — Vcqo || L g( R2 ) + ||^(s, •) — || L p^ R2 ) ||Vcoo|| i9 

converges to by Theorem [J] and the fact that 

lim \\n(t, ■) - tIooWli^) = and lim ||Vc(i, ■) - Vc^H^n^i = 

according to [lUt Theorem 1.2]. Hence we have shown the uniform convergence of n towards 
rioo as t — > oo and 

lim ||n(t, •) - UooWlp,^) = 



t— >oo 

for any p G [l,oo], by Holder's interpolation. As for the convergence of Vc(i, •) towards Vcqo 
as t — > oo in L q (M. 2 ) for g G (2,oo], we need one more interpolation inequality. 

Lemma 6. If h = (—A)~ l p for some function p G L 2 ~ £ n L 2+e (IR 2 ), with e G (0, 1), then there 
exists an explicit positive constant C = C(e) such that 



II v/i IIl°°(r 2 ) - c (^IIpIIl 2 -^(r 2 ) + IIpIL 2 + £ 

Proof This follows by a direct computation. We can estimate |V/i| by 



2ir J R 2 \x - y\ 

for any iGl 2 and split the integral into two pieces corresponding to \x — y\ < 1 and \x — y\ > 1: 
by Holder's inequality, we obtain that 

J_ /" d y< Cl ( £ ) || P || i24 

2vr 7| a .-y|<i F - I/| 



with die) = ± (2tt (1 + e)/e) {1+£)/{2+£) and 

i f p(y) 



±f f^^y< CM \\p\\ L2 - 
2tt J\x-v\>i \ x - y\ 



\x-y\>i \ x — y 

with C 2 (e) = ± (2vr (1 - e)/e) (1 " £)/(2 ~ e) . The conclusion holds with C = max i= i i2 C;. □ 

Hence we have also shown the uniform convergence of Vc towards Vcqq as i — > oo. By 
Holder's interpolation, the convergence holds in L q (R 2 ) for any q G [2, oo]. Summarizing all 
results of this section, we have shown the following limits. 

Corollary 7. Assume that n is a solution of (jl.3p with initial data satisfying the assumptions 
of TheoremUi Then 

lim\\n(t,-)-n oo \\ LP(R2 )=0 and lim ||Vc(i, •) - Vc^H^,^ = 
for any p G [1, oo] and any q E [2, oo]. 
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(4.1) 



4. Spectral gap of the linearized operator C 
Assume that n is a solution of (jl.3p and consider / and g denned for any (t, x) G M + x R 2 by 
n(t,x) = n OQ (x) (1 + f(t,x)) and c(t,x) = c^x) (1 + g(t, x)) . 
Then (/, g) is a solution of the nonlinear problem 

f f-£/ = -^V-[/n 00 V( 5 c 00 )] xeR 2 , t>0, 
\ -A( gCoo ) = /noo xgR 2 , t>0, 

where £ is the linear operator 

Cf = —V-[n 00 V(f-gc 00 )]. 

The goal of this section is to establish that C has a spectral gap in an appropriate functional 
setting. To characterize the spectrum of C, it is indeed necessary to specify the domain of 
the operator C. Heuristically, it is simpler to identify the eigenfunctions corresponding to the 
lowest eigenvalues and define only afterwards the norm for which C turns out to be self-adjoint. 
We will 

- identify some eigenfunctions of the linearized Keller-Segel operator C in Section I4.1( 

- characterize the kernel of C in Section 14. 2[ 

- determine an adapted functional setting for C and related operators in Section 14.31 

- show that the spectrum of C is discrete in Section [4. 4| 

- and finally establish a spectral gap inequality in Section 14.51 

4.1. Some eigenfunctions of the linearized Keller-Segel operator C. Using the fact 
that noo depends on x = (xi,X2) G R 2 and on the mass parameter M, we observe that the 
functions 

/o,o = dMlogn^M , 

fi,i = d Xi logno^M , i = 1 , 2 , 

/o,i = x • Vlogn^M , 

are eigenfunctions of C. Here dMn^^M denotes the derivative of the function = Uoo^m with 
respect to the mass parameter M, while d Xi stands for d/d Xi . We shall use two indices for the 
numbering of the eigenfunctions because of a spherical harmonics decomposition that will be 
studied in Section 1431 A precise statements goes as follows. 

Lemma 8. With the above notations, we have 

Cfo,o = 0, 

£fl,i = —fl,i ; 

£ /o,i = — 2 /o,i ■ 

Proof. Assume that M £ (0, 8tt) and consider the unique solution of (|1.4|) . which is also 
the unique stationary solution of (jl.ip such that (jl.2p holds. For brevity, we shall omit to 
mention the dependence of noo = i-oo,m in M. 

Let us differentiate with respect to M each term of A + V • (noo x) — V • (nooVcoo) = 0, 
where Cqo = G2 * noo- It is straightforward to check that 50,0 := <9julogCoo i s such that 
5o,o Coo = G 2 * (/o,o n-oo) and C / , = 0. Since 

- A Coo = M j— - 2 = noo , 

j R 2e Cao 5" dx 
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it is clear that go o is non-trivial, and therefore foo = 9m log noo is a non-trivial solution to 
Cf = 0. 

By computing 

d ( . ,\ / dc oa \ dn r 

= - — ( Anoo + V • (xnooj - V • (noo Vcoo) ) with -A 



OXi \ J \ OXi J OX\ 

and observing that 



we obtain that A i := d x , log rioo associated with 01 1 = -r- c^. Coo is an eigenfunction of C, such 
that — jC/i i = /i i. The same observation holds if we differentiate with respect to X{, i = 2. 

Next consider the dilation operator D := x- V. If a is a vector valued function, an elementary 
computation shows that 

D (V • a) = V • (L> a) - V • a . 
Since a = Vnoo + x — Vcoo is such that V • a = 0, we get D (V • a) = V • (-D a) and hence 

= D ^Anoo + V • (x rioo) - V • (noo Vcoo)) = V • D (Vnoo + xrioo - Vc 

Next, we observe that 

D (Vr^) = V (D Hoo) - Vrioo 

so that 

V -D (Vrioo) = Apnoo) -Arioo . 
It is also straightforward to observe that 

D (xrioo) = xrioo + x Drioo and D (Vcoo) = V (D Cqo) - V Coo • 
Let /o,i = 1 + 5 D log noo = 1 + 2^ n^. By writing D (Acoo + noo) = 0, we get 

-A(Dc oo )+2Ac oo =Dn O0 =2(/ 0)1 -1)^, 

since 

D(Ac) = Ape) - 2 Ac. 
Hence, using the fact that 2 Acoo = — 2 noo, the function goi '■= {— A) ~ 1 (n 00 fo 1) is given 
by 

1 

Coo 50,1 = -DCoo ■ 

Collecting these identities, we have found that 

2 £ (D log noo) - V • Vnoo - xn^ - 2 noo (v(coo go,i) ~ Vcoo) + D (Vc c 
Using 

2(v( Coo (7o,i) - Vcoo) =V(Dcoo)- 2Vcoo = D (V Coo ) - V Coo , 



. 



this gives 

noo £ (-0 log noo) - Anoo + V • (x - Vcoo) = 
Hence, owing to the fact that D log noo = 2 (/o,i — 1) and 

n O0 C(D log noo) = 2noo£,/b,i + 2 V • (nooVcoo) , 

we get 



2 noo £ fo,i = - Anoo + V • (x + noo Vc c 



2 V • (moo) = 4 noo ( 1 + ^ n °" ) = 4 noo /o,i 
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We have finally found that — £ fo,i = 2/o,i, which completes the proof. □ 

Remark 1. The fact that 1 and 2 are eigenvalues of C was known in the limit M — > 0+: see [SJ. 
It is remarkable that these two eigenvalues are independent of M but this can be explained by 
noticing that the corresponding eigenf unctions are associated with invariances of the problem 
before rescaling. 

The functions log noo, i = 1, 2 correspond to the invariance under translation in the 
directions Xj. A decentered self-similar solution would converge in self-similar variables to the 
stationary solution, in relative entropy, exactly at a rate e~ l , thus showing that Ai,i = Ai t 2 = 1 
are eigenvalues by considering the asymptotic regime. 

The function D lognoo is associated with the scaling invariance. In original variables, a 
scaling factor corresponds to a translation in time at the level of the self-similar solution and it 
can easily be checked that, in self-similar variables, a solution corresponding to the stationary 
solution rescaled by a factor different from 1 converges, in relative entropy, exactly at a rate 
e~ 2t , thus showing that Ao,i =2 is also an eigenvalue by considering the asymptotic regime. 

4.2. The kernel of the linearized Keller-Segel operator C. By definition of n^, we know 
that log?^ = ^l {M)+c oq -\ \x\ 2 , so that / ,o = fi' (M)-\-go t0 Coo where # ,o = 9m logCoo is such 
that — A(go.o Cqo) = —Afoo = /o,o n oo- The normalization constant is determined by the 
condition that M = f R2 dx, that is fiQ = logM — log ( f R2 e Coo— l^' 2 / 2 dx). By differentiating 
with respect to M, we also get that 

1 



AM M 



1 - / 9o,o noo Coo dx 



The function / = /o,o solves C f = and is such that the equation for g = //cqo reads 

-Af = n O0 f . 

It is not a priori granted that such an equation has at most one solution, up to a multiplication 
by a constant. The uniqueness issue is the purpose of our next result. 

Proposition 9. The kernel Ker{C) is generated by /o,o = 9m log noo, which is the unique 
solution in L 2 (M? , dx) , up to a multiplication by a constant, to 

— A/o,0 = /o,0 ra oo ■ 

Proof. We have already seen that /qo £ Ker{C). It remains to prove that Ker(C) is one- 
dimensional. Let / be such that C f = and g = c^ 1 G2 * (f n^). An elementary computation 
shows that 

= / C f (/ - 9 Coo) noo dx = / |V(/ - #Coo)| 2 rioo dx , 

thus proving that / = g + fi' for some real constant /i' (depending eventually on M, with 
the same notations as above) . Hence any solution of C f = has to solve 

Hf = 

where T~L := —A Schrodinger operator with potential rioo, at least if one assumes 

that V(/ — G2* (Z^oo)) belongs to L 2 (?ioo dx). As we shall see later in the discussion of the 
domain of definition of C, this is indeed a natural assumption. Altogether, we are interested in 
characterizing the ground state of the Schrodinger operator T~L (with energy level 0) and prove 
that it is uniquely determined, up to a multiplication by a constant. It is clear that H has no 
negative eigenvalue, otherwise the free energy functional 

F[n]:=[ n log ( — ) dx + // (n(x) - n^x)) log |a; - y\ (n(y) - rioo(y)) dxdy 



would not achieve its minimum for n = noo (see |10| for a proof). 
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Since is radially symmetric (see for instance [10] for a summary of known results), 
Schwarz' symmetrization applied to "H shows that the ground state is radially symmetric. The 
function seen as a potential, is smooth. By standard elliptic theory, the ground state is 
smooth as well. Hence, if / £ H 1 (M 2 ) solves rl f = 0, it is uniquely determined as a solution of 
an ordinary differential equation by the Cauchy-Lipschitz theorem, up to a standard analysis 
at the origin. Indeed, by considering abusively noo and / as functions of r = \x\, we find that 
/ is given by 

/" + i/' + n oo / = 
/(0) = 1, /'(0) = 

(up to a multiplication by an arbitrary constant). This concludes the proof. □ 

4.3. Functional setting and operators. In order to go further in the spectral analysis, to 
define correctly the domain of the operator C, to justify the assumption that V(/ — G2*(/n QO )) 
belongs to L 2 (noo dx) and to establish spectral gap estimates which are crucial for our analysis, 
some considerations on the functional setting are in order. 

Lemma 10. Assume that M £ (0, 8tt) and consider defined by (|1.4p . Then 
(4.2) 

f(x)n OQ (x) log \x - y\ f(y) (y) dx dy = / / n M g dx < / |/| 2 n M dx 



2vr 



•xji 



for any f £ L 2 (M 2 , dx) , where gcoo = Gi * (fn^). Moreover, if 

(4.3) / / / ,o rioo dx = , 

Jm. 2 

then equality holds in the above inequality if and only if f = 0. 
Notice that, if / £ L 2 (M 2 ,n 00 dx) is such that 

(4.4) / f noo dx = 0, 

Jk 2 

then (|4.2|) can be written as 

(4.5) / |V(<7 Coo )| 2 dx< / \f\ 2 noo dx. 

Jm 2 Jm 2 

It is indeed well known that V(gcoo) is in L 2 (R. 2 ,dx) as a solution of — A(<7Coo) = f only 
if (|4.4p holds. Lemma [10] will be improved in Section [5] (see Corollary 1 18[) ; the proof of such a 
result is independent of the remainder of this section. 

Proof. To prove the inequality, we recall that the free energy n 4 F[n] achieves its minimum 
for n = according to the logarithmic Hardy-Littlewood-Sobolev inequality (see [22] for 
detailed considerations on this formulation of the inequality) , and observe that 

Qi[/] := \iw l^FK^I +e/)] >0 

for any smooth function / with compact support satisfying (|4.3p . The inequality then holds for 
any / £ L 2 (R 2 , dx) by density of smooth functions with compact support in L 2 (IR 2 , n M dx). 

If equality holds in ()4.2|) . then the Euler-Lagrange equation amounts to — A/ = f n^, which 
characterizes the kernel Ker(C) according to Proposition [9] □ 

Consider the quadratic form Qi on L 2 (M 2 ,n 00 dx), which takes the form 

Qi[f}= \f\ 2 n OQ dx + ^- f(x)n ao (x) log\x -y\ f(y)n 00 (y) dxdy . 

Jm. 2 ^JJb. 2 xr 2 
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By (|4.2p . it is nonnegative, and positive semi-definite on the orthogonal of the kernel of C, for 
the natural scalar product on L 2 (noodx), i.e. for any / G ^(n^dx) such that (j4.3|) holds. 
Using previous notations, we may write 

Ql[/] = / / (/ - 5 Coo) rioo dx with 5 Coo = G 2 * (/ n^) . 

If (|4.4p holds, we can also observe that 

Qi[/]=/ Iffn^dx- [ \V(g Coo )\ 2 dx . 
Jr 2 Jr 2 

To Qi we associate its polar form l_i defined on smooth functions with compact support such 
that (|4.3p holds and define its Priedrich's extension on L 2 (rioo dx) , that we still denote by l_i . 
By construction, l_i is a positive self-adjoint operator with domain T>(Li) C L 2 (noodx). On 
'D(Li), we shall denote by (•, •) the scalar product induced by Li. Explicitly, this means that 

(f,f)=[ ffrioodx + ^-[[ f(x)n OQ (x) log \x - y\ f(y) n^y) dx dy . 
Jr 2 wJJm?xm. 2 

The scalar product (•, •) induced by Li is defined on the orthogonal of /o,0; but can be extended 
as a bilinear form to L 2 ^^ dx). If / G L 2 (n oc dx) is such that (|4.4p holds, then we notice that 

{/, /o,o) = f (ho ~G 2 * fo,o) n 00 dx = Q 
Jr 2 

because /o,o = G 2 * (/o,o "oo) + A*o- With these notations, notice that we have 

</,/> = Qi[/]>o 

for any / G T>(L\), with equality if and only if / = 0. 
We can also define the quadratic form Q2 as 

Q2L/] := / |V(/ -5Coo)| 2 raoo dx with g = — G 2 * (f n^) . 

JR 2 Cqo 

As for Qi, we define Q2 on the set of smooth functions such that (|4.3p holds and extend it. 
The associated self-adjoint nonnegative operator is denoted by L2 and it is again a self-adjoint 
operator, with domain T>(L 2 ) C L 2 (noo dx). 

Proposition 11. With the above notations, the restriction of C to T>{Li) is a self-adjoint 
operator for the scalar product (•, •) with domain T>(L 2 ), such that 

(/,£/) = -Q 2 [/] V/GD(L 2 ) 

and Ker(£) nP(L 2 ) = {0}. 

Remark 2. The function /oo is an eigenfunction of C but this is not the case of f = 1. With 
the notations of Section \4-l\ the functions fij are orthogonal to f = 1 in L 2 (R 2 , dx) for 
i = 1, 2, but this is the case neither for /o,o nor for /o,i- 

4.4. The spectrum of £ is discrete. We define 

A • f Q2 W A A V " f Q2 ^ 

Ai := mf — — and Aoo := hm mf — — - . 

/GD(L 2 )\{0} Qi[/] R^oo /gP(L 2 )\{0} Ql[/J 

supp(/) CR 2 \B(0,R) 

First, let us give a heuristic approach of the problem. As an application of Persson's method 
(see [35]), the bottom of the essential spectrum of C can be characterized as 

inf 0- ess (£) = Aoo • 
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To prove that C has a spectral gap on P(l_2), it is enough to show that Aqq is positive: either 
Ai = Aqo, or Ai < Aqo is a nonnegative eigenvalue, which cannot be equal to 0. This is 
summarized in the following statement. 

Proposition 12. With the above notations, Ai is positive and 
(4.6) AiQi[/]<Q 2 [/] V/eP(L 2 ). 

For any / £ X>(l_2), if (|4.4p holds, then Inequality (|4.6p can be reformulated as 

Ai / \f\ 2 n 00 dx< \V{f -gc O0 )\ 2 n O0 dx + k 1 I \V {g Coo )\ 2 dx . 
Js 2 Jm 2 Jm? 

The proof of Proposition [12] can be done by considering £ as a perturbation of the operator 
/ i y V • (noo V/) defined on L 2 (M 2 , dx). This was the method of [8|. However on such 
a space C is not self-adjoint and justifications are delicate because of the logarithmic kernel, 
away from the small mass regime. 

In practice, Persson's method is not well designed either to handle convolution operators, 
although it can probably be adapted with little effort. This may even have been done, but we 
are not aware of such a result. Moreover, as we shall see below, we have: = oo, which 
further simplifies the proof. For these reasons, we will therefore give a direct proof, based 
on some of the tools of the concentration-compactness method (see [281 EH1 EHl EH [32] ) and 
adapted to the case of a bounded measure, dx, as in [9]. In that framework, A ro corresponds 
to the problem at infinity. For simplicity, let us split the proof into Lemmas [13] and [T4"l 

Lemma 13. With the above notations, Aoo = oo. 

Proof. Recall that 

= M 



e" 00 2 



/ M 2 e Coo "2 l x l 2 dx 
where Coo = (— A) -1 is such that 



As a consequence, we know that 

.1 UI2 



/ ». M . . 

hmsup Coo(j;) H log |x| < oo 

2tt 



II •,! 

^oo(^) ~ Fl e 2 i i as p — >■ +oo , with q = — . 
We can expand the square | V(/ — g Coo)| 2 and get 

Q 2 [/]= / |V(/-0Cbo)| 2 noodx 

= / |V/| 2 noodx+ / (V^Coo)! 2 ?!^ 
Jm 2 J R 2 

+ 2/ /V( 5Coo ) • Vnoo dx- 2 / /(-A( 5Coo )) 7T.OO (ix . 
Jm 2 Jm 2 

Assume that / is supported in M 2 \ B(0, R), for it! > 0, large. Then 

/ f ( - A(g Coo)) dx = \f\ 2 n 2 00 dx 
Jm 2 Jr 2 

< sup ?ioo(x) / |/| 2 noo dx ~ e"5 R2 / |/| 2 noodx 
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on the one hand, and we know from Persson's method that 

J R2 |V/| 2 noo dx 



lim inf 

2) 

supp(/) CM 2 \ B(0,R) 



R-^oc f e 2?(L 2 ) \ {0} / R 2 l/l 2 n °o 



+00 



on the other hand, so that, for any e > 0, there exists R > large enough for which 

/ \f\ 2 n 00 dx<£l |V/| 2 noodx 
Jr 2 Jr 2 

for any function / G i? 1 (IR 2 , rioo dx). Equivalently, we can write that there exists a positive 
function R i-> e(i?) such that lim^_j. +00 = and 

0< / /(-A( 5 c 00 ))n 00 dx<i?- Q e-5 fi2 e( J R) 

uniformly with respect to / as soon as it is supported in R 2 \ 5(0, R). 
Assume first that Condition (|4.4p is satisfied. We notice that 

/ /VOcoo) ■ Vn^ dx <2 / \f yjn^\ IV^c^)] \ {Vc^ - x) y/nZ\ dx 
Jr. 2 Jr 2 

can be estimated by 

/ /V(#Coo) • Vrioo dx < 2 sup I (Vcoo - x) v^oo I f / \f\ 2 n 00 dx( \V {g c^ 2 dx\ 
Jr 2 \x\>r \Jr 2 Jr 2 / 

By Lemma [TO] we know that Qi[/] > is equivalent to (|4.5p and find that 

/ / V(5Coo) ■ Vnoo dx < 2 sup | ( Vc^ - x) ^/n^ \ / |/| 2 dx 
Jr 2 \x\>r Jr 2 

< 2 sup |(Vcoo - x) Vn^l e(R) / | V/| 2 dx . 
\x\>r Jr 2 

On the other hand, since Condition (|4.4p is satisfied, we know for free that 

Ql[/]= / \f\ 2 noodx- [ \V(g Coo )\ 2 dx< [ \f\ 2 dx . 
Jr 2 Jr 2 Jr 2 

As a consequence, we have obtained that 

Q 2 [/] _ ls _ : _ t J R2 \Vf\ 2 noo dx 



lim 



inf 



lim 



inf 



+00 , 



R^co / G p(L 2 )\{0} Qi[/1 /£D(L 2 )\{0} Ir 2 \f? n oc dx 

supp(/) Cl 2 \ 5(0, i?) supp(/) CK 2 \ 5(0, R) 

which proves our claim. 

If Condition (|4.4|) is not satisfied, the proof is more complicated. By homogeneity, there is 
no restriction to assume that J R2 / 2 ^oo dx = 1. Let ■= L2 /^oo ^ and / := f — 9, 
g := g — 9. Then J" R2 Z^oo cfa; = 0. Notice that, by the Cauchy-Schwarz inequality, we have: 
9 G [—1, 1]. Moreover, if 9 ^ 0, then 5(0,5) is contained in supp(/). 

With these notations, we first have to estimate 

/ / V(p Coo) • Vnoo dx = 29 f yfn^ Vcoo • Vy 7 ^ dx + 2 f y/n^ V(<? Coo) • V V™oo dx • 
Jr 2 Jr 2 Jr 2 
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By the Cauchy-Schwarz inequality, we have 

/ / Vcoo • VV^oo dx < / fiioodx / |Vcoo| 2 iVy^ool 2 dx , 

Jr 2 Jr 2 Jr 2 \b{o,r.) 

and it is simple to check that the last integral in the right hand side converges to as R — > oo. 
The second integral can be estimated as before by writing 

/ fV™oc V(<?Coo) • V^oo dx < sup |(Vcoo - x) V^ool 2 / l/| 2 ' n oo dx / |V (g Coo)| 2 dx 
Jr 2 \x\>r Jr 2 Jr 2 

and by recalling that J^ 2 \f\ 2 noo dx = M. From these estimates, we conclude that 

lim inf Qa[/] = oo . 

R-+oc f e p( l 2 ) \ {0} 

supp(/) CR 2 \B(0,R) 
We also need to estimate Qi[/] and this can be done by showing that 

Q 1 [f]=M + ±- ft {fnoo){x)\og\x-y\{fnoo){y)dxdy 

27T J JR 2 xR 2 

is bounded from above if we still impose that J K2 |/| 2 ^oo dx = M. Using the crude estimate 

2 log \x-y\<\x- y\ 2 < 2 {\x\ 2 + |y| 2 ) V (x, y) G M 2 x M 2 
and, as a consequence, 

(f rioo){x) log \x-y\(f rioo){y) dxdy < 2 f rioo dx \y\ 2 (/ n^y) dy , 
/r 2 xir 2 Jr 2 Jr 2 

we conclude by observing that 

1/2 



/ / noo dx < V~M / noo dx 

Jr 2 \ Jr 2 \b(o,r) 



R 2 \B(0,R) 

and / \y\ 2 (f noo)(y) dy < VM [ / |y| 4 ™ocdy 
Jr 2 \Jr 2 \s(o,R) / 

both converge to as R — > oo. □ 
Lemma 14. With the above notations, A\ > 0. 

Proof. Tools for the proof of this lemma are to a large extent standard in concentration- 
compactness methods or when applied to models of quantum chemistry, so we shall only sketch 
the main steps and omit as much as possible the technicalities of such an approach. We will 
actually prove a result that is stronger than the one of Lemma Q31 Ai is achieved by some 
function / 6 P(L 2 ). 

Consider a minimizing sequence (f n )neN for the functional / t-t Q2[/]/Qi[/] defined on 
T>(\-2) \ {0}. By homogeneity, we may assume that L 2 f 2 n oo dx = 1 for any n S N, with no 
restriction, while Q2 [in] is bounded uniformly in n 6 N. Let F n := f n \/n OQ . In the framework 
of concentration-compactness methods, for any given e > 0, it is a standard result that one can 
decompose F n as 

j? — pi 1 ) _|_ 7?( 2 ) 4. jr 
± n — 1 n * 1 n < 1 n 

for any n £ N, with 



\F^\ 2 dx+ [ \F^\ 2 dx+ [ \F n 
Jr 2 Jr 2 



2 dx = 1 
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where , and F n are supported respectively in B(0, 2 R), M 2 \ 5(0, R n ) and B(0, 2 \ 
B(0,R), R n > R>1, lim 

/ l^^l 2 da; > 0-e and / |i^ 2) | 2 dx > 1 - - e 
Jr 2 Jr 2 

for some 9 £ [0, 1]. As a consequence, we also have that J R2 |-^n| 2 dx < 2s. A standard method 
to obtain such a decomposition is based on the IMS truncation method, which goes as follows. 
Take a smooth truncation function \ with the following properties: < x < 1, x( x ) = 1 f° r 
any x G B(0, 1), x( x ) = f° r an Y x £ M 2 \ -B(0, 2), and define xr( x ) '■= x( x /R) f° r an y 27 G I^ 2 - 
Then for an appropriate choice of R and (i? n ) ne pj, we can choose 



F^= X rFu and if) = Jl - X \ n F n . 



If 6 = 1, then (i^ 1 ^^ strongly converges in L 2 (M 2 , dx) to some limit i 7 and we have 



liminf / |VF n | z dx > / \VF\ Z dx and / \F\ Z dx > 1 - e . 

n ^°° JR 2 JR2 JR2 

Now we repeat the argument — > 0+ , take a diagonal subsequence that we still denote 
by (F n ) neN , define 

7?( 1 ) — v „i F F( 2 ) — /l — v 2 F and F — F — F^ — F^> 

n y xx n 

where lim n _). 00 i? n ^ = +oo and i? n 2 ^ > 2 i?^ for any n E N. Since limits obtained above 
by taking a diagonal subsequence coincide on larger and larger centered balls (that is when R 
increases), we find a nontrivial minimizer / = F/^/n^ such that f R2 F 2 dx = L 2 f 2 dx = 1, 
since all other terms are relatively compact. Notice that Qi[/] > because the condition (14. 3j) 
is preserved by passing to the limit. Hence Ai is achieved and we know that Ai is positive 
because Qi is positive semi-definite. 

Assume now that 6 < 1. We know that J K2 \F n \ 2 dx < 2e n and hence 

lim / |F n | 2 dx = 0. 



It is not difficult to see that cross terms do not play any role in the integrals involving con- 
volution kernels, as it is standard for Hartree type (or Schrodinger-Poisson) models. As a 
consequence, we can write that 

lim Q 1 [f n ] = lim Qi[/«] + lim Q 1 [f^] 

n— >-oo n— >oo n— >oo 

where := F$ /y/n^, i = 1, 2. Proceeding as above, we may find a limit / of (fn^)neN, in 
L 2 (raoo dx). It is then straightforward to observe that 



A,= l im S#J>li m Q2 W +Q ^» 



(2)i 



Ql[/n] ^Qi[/]+Qi[/ n 2) ] ' 

If > 0, we know that Q 2 [/] > Ai Qi[/] and lim n ^oo Q2[fn ) }/Qi[fn ) ] > Ai by Lemma 131 so 

("2) 

that limn-^oo Q2[/n ] = and / is a nontrivial minimizer: we are back to the case = 1, but 
with a different normalization of /. If = 0, it is clear that Qi[/] = and we get 

. . Q 2 [/n 2) ] 

Ai > lim t^- = oo , 

again by Lemma 1131 a contradiction with the fact that Q2[/]/Qi[/] takes finite values for 
arbitrary test functions in T>(\-2) \ {0}. This concludes our proof. □ 
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Remark 3. For any k G N, k > 1, define the Raleigh quotient 

a . , Q 2 [/] 

Afc := mi 

/GP(L 2 )\{0} Qi[/1 
(fj,f)=0, j = 0, l,...k-l 

where fj denotes a critical point associated to Aj . Critical points are counted with multiplicity. 
Since the orthogonality condition (fj,f) = is preserved by taking the limit along the weak 
topology of L 2 {noo dx), building a minimizing sequence for k > 1 goes as in the case k = 1. It 
is easy to check that is then an eigenvalue of C considered as an operator on T>{\-2) with 
scalar product (■,■), for any k > land lim^oo = oo. 



4.5. A spectral gap inequality. We are now going to prove that Ineq. (|4.6p holds with 
Ai = X± i = 1, i = 1, 2. This is our first main estimate. 

Theorem 15. For any function f £ D(l_2), we have 

Qi[/]<Q 2 [/]. 

Recall that, with the notations of Section 01 Qi[/] = (/, /) and Q2[/] = (/, C f). 

Proof. We have to compute the lowest positive eigenvalue of C After a reformulation in terms 
of cumulated densities for the solution of (|1.3|) and for the eigenvalue problem for C, we will 
identify the lowest eigenvalue Ao,i = 2 when C is restricted to radial functions, and the lowest 
ones, Ai ; i = Ai 2 = 1) when C is restricted to functions corresponding to the k = 1 component 
in the decomposition into spherical harmonics. 

Step 1. Reformulation in terms of cumulated densities. 

Among spherically symmetric functions, it is possible to reduce the problem to a single 
ordinary differential equation. 

Consider first a stationary solution (n^Cco) of (|1.3p and as in [1] or [3] (also see references 
therein), let us rewrite the system in terms of the cumulated densities $ and defined by 



^( s ) := I n oo(x) dx , 



2ir 



^( s ) '■= 7T - / Coo(x) dx 

2vr Jb(q.JI) 



'-B(0 I% /3) 

Notice that ^(s) = J- M e (ir s) for e = 0, with the notations of the proof of Theorem SJ The 
motivation for such a reformulation is that the system can be rewritten in terms of a nonlinear, 
local, ordinary differential equation for <E> using the fact that is radial. With a slight abuse 
of notations, we can consider and Cqo as functions of r = \x\. Elementary computations 
show that 

n 00 (^) = 2^'(s) and n' m (\A) =4^^) , 
Coo(v^) = 2tf'(s) and <4o(^) =4\^$"(s) . 

After one integration with respect to r = y/s, the Poisson equation — Acqo = can be 

rewritten as 

- x ^c' OD (x^) = Hs) 
while the equation for noo, after an integration on (0, r), is 

n'ooiVs) + y/sriooi^) - n 00 ( v / s) c^y/s) = . 
These two equations written in terms of $ and ^ are 
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and 

$" + _ $' _ 9 $' \J/" 
2 

After eliminating ty" , we find that $ is the solution of the ordinary differential equation 
(4.7) $" + -$' + — $$' = () 

with initial conditions 3>(0) = and $'(0) = \ n(0) =: a, so that all solutions can be para- 
metrized in terms of a > 0. 

Consider next the functions / and g involved in the linearized Keller-Segel system (jl.3p and 
define the corresponding cumulated densities given by 



0) ■= I (fnoo)(x) dx , 



2ir 



^0) ■= 7T I (5 c oo)0) dx . 

If g Cqo = ( — ^)~ 1 (/ n oo) an d / is a solution of the eigenvalue problem 

-Cf = Xf, 

then we can make a computation similar to the above one and get 

n' 

(rhof)(Vs) = W{s) , (noo/')(V^) = 4vV(*)- 2^£(^)^( S ) , 

(5Coo)(v^) = 2^'(a) and (jgc^)'^ = 4^f(s) . 
The equations satisfied by / and g are 

-VsigcooYiy/s) = 4>(s) 

and 

v 7 ^ (("-oo f')(\/s) - (gCooYiy/s)) + \<j>(s) = . 
These two equations written in terms of 4> and ip become 

— A sip" = 4> 

and 

4s \6" - ^7^- 2$V'J + A0 = O. 
After eliminating ■0", we find that eft is the solution of the ordinary differential equation 

Taking into account the equation for that is 

$" i $ 



2 + 2 s ' 



we can also write that <b solves 



(48) ^ + £±£^ + ^±^ = . 

2 s 4 s 

Recall that the set of solutions to (|4.7p is parametrized by a = $'(0). It is straightforward to 
remark that 4> = solves (|4,8h with A = 0. The reader is invited to check that s i— )■ s^^s) 
provides a nonnegative solution of (14.8|) with A = 2. 



.Step Characterization of the radial ground state. 
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It is possible to rewrite (14. 8 1 as 



d 
ds 



,a{s) 



ds 



+ 



A + 2$' 
"Is 



si 

with a(s) := - + - 



da 



a 



The equation holds on (0, oo) and boundary conditions are 4>(0) = and lim^oo <f>(s) = 0. By 
the Sturm-Liouville theory, we know that A = 2 = Ao.i is then the lowest positive eigenvalue 
such that 4> is nonnegative and satisfies the above boundary conditions. 

In other words, we have shown that the function _fo,i found in Section 14.11 generates the 
eigenspace corresponding to the lowest positive eigenvalue of C restricted to radial functions. 

Step 3. Spherical harmonics decomposition. 

We have to deal with non-radial modes of C. Since and Cqo are both radial, we can use 
a spherical harmonics decomposition for that purpose. As in [13], the eigenvalue problem for 
the operator C amounts to solve among radial functions / and g the system 



r- 

-(gc c 



i k 2 

-f' + ^f + (r 



4>) (/' - (9 Coo)') 



/ = A/ 



1 



(gcc 



+ 



(9 Co 



Tin 



f 



for some k E N, k > 1. Here as above, we make the standard abuse of notations that amounts 
to write and Cqo as a function of r = \x\. It is straightforward to see that k = 1 realizes the 
infimum of the spectrum of C among non-radial functions. The function / = — n'^ provides a 
nonnegative solution for k = 1 and A = 1. It is then possible to conclude using the following 
observation: / is a radial C 2 solution if and only if r 1— > r f =: f(r) solves — C f = (A + 1) / 
among radial functions, and we are back to the problem studied in Step 2. The value we look 
for is therefore A = 1 = Xi t \ = Ai ; 2- 



Figure 1. Using a shooting method, one can numerically compute the lowest 
eigenvalues of —C for k = (radial functions) and for the k = 1 component of 
the spherical harmonics decomposition (dashed curve). The plot shows that 1 
and 2 are the lowest eigenvalues, when mass varies between and 8 n ~ 25.1327. 
See 1131 for details and further numerical results. 
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In other words, we have shown that the functions fi^i and /i ; 2 found in Section 14. 1 1 generate 
the eigenspace corresponding to the lowest positive eigenvalue of C corresponding to k = 1. 
We are now in position to conclude the proof of Theorem [TBI 

Either the spectral gap is achieved among radial functions and A\ = 2, or it is achieved 
among functions in one of the non-radial components corresponding to the spherical harmonics 
decomposition: the one given by k = 1 minimizes the gap and hence we obtain Ai = 1. See 
Fig. 1 for an illustration. □ 

As a consequence of Step 2 in the proof of Theorem HH we find that the following inequality 
holds. 

Proposition 16. For any radial function f G 2?(l_2), we have 

2Qi[/]<Q 2 [/]. 

where, with the notations of Section^ Qi[f] = (/, /) and Q2[f] = (/, £/)• 

This observation has to be related with recent results of V. Calvez and J. A. Carrillo. As a 
consequence, the rate e~ 2t in Theorem [JJ can be replaced by e -4 * when solutions are radially 
symmetric, consistently with jll|, Theorem 1.2]. The necessary adaptations (see Section [6]) are 
straightforward. 

5. A STRICT POSITIVITY RESULT FOR THE LINEARIZED ENTROPY 

Lemma [TO] can be improved and this is our second main estimate. 
Theorem 17. There exists A > 1 such that 

(5.1) A[ /n 00 (-A)" 1 (/n 00 ) dx < [ \f\ 2 dx 

JK 2 JR 2 

for any f G L 2 (M 2 ,noo dx) such that (|4.3p holds. 

Proof. Let us give an elementary proof based on two main observations: the equivalence with 
a Poincare type inequality using Legendre's transform, and the application of a concentration- 
compactness method for proving the Poincare inequality. Recall that by Lemma [10] we already 
know that (|5.1j) holds with A = 1. 

Step 1. We claim that Inequality f)5. 1 1) is equivalent to 

(5.2) A \h\ 2 noo dx< / \Vh\ 2 dx 



for any h G L 2 (M 2 , rioo dx) such that the condition J" R2 hf o,o n oo dx = holds, i.e. such that h 
satisfies (|4.3p . Let us prove this claim. 

Assume first that (j5.2[) holds and take Legendre's transform of both sides with respect to 
the natural scalar product in L 2 (noo dx): for any / G L 2 (M 2 ,noo dx) such that (|4.3p holds, 

sup ( / f h dx / h 2 dx\ > sup ( / / hn^ dx / |V/i| 2 dx ] 

h \Jr 2 2 Jm 2 ) h \Jr 2 2A J R 2 J 

where the supremum is taken on both sides on all functions h in L 2 (M 2 , dx) such that h sat- 
isfies (I4.3|) . Since semi-definite positive quadratic forms are involved, the suprema are achieved 
by convexity. For the left hand side, we find that the optimal function satisfies 



/ = h + n f ,o 



22 



J.F. CAMPOS AND J. DOLBEAULT 



for some Lagrange multiplier /i£K, However, if we multiply by /o,o "-oo, we get that [i = 0, so 
that the left hand side of the inequality is simply ^ J R2 f 2 dx. As for the right hand side, 
we find that the optimal function / is such that 

fn>oc = --T A/t + nfofiUoo 

for some Lagrange multiplier /i G M. In that case, if we multiply by (— A) _1 (,/o,o n oo) = /o,0) 
we get that 

A* / foQ n oo dx = \ I A/i (-A) _1 (/o i ori 00 ) dx = —— [ hf 0fi n oo dx = 

JR 2 A J R 2 A J R 2 

thus proving that fi = as well. Hence the right hand side of the inequality is simply 
4 Jv 2 f n oo (— A) -1 (/noo) <ix, which establishes (|5.ip . It is left to the reader to check that 
Inequality (|5,2p can also be deduced from (|5.ip by a similar argument. 

S^ep 2. Let us prove that (|5.2p holds for some A > 1. Consider an optimizing sequence of 
functions (h n ) n >i such that J" R2 h^rioo dx = 1 and J* R2 ^n/o.o^oo = for any n > 1, and 
lim^oo J R2 |V/i n\ fico dx — A. As in the proof of Lemma 114J we are going to use the IMS 
truncation method. Consider a smooth function x with the following properties: < x ^ 1) 
x(x) = 1 for any x G -B(0, 1), x(a;) = for any x G M 2 \ -B(0,2), and define xr{ x ) '■= x( x /R) 
for any i£l 2 , It is standard in concentration-compactness methods that for any e > 0, one 
can find a sequence of positive numbers (R n )n>i such that 

h n ] = XR n K and h$ = \Jl-X Rn K , 
and, up to the extraction of a subsequence, there exists a function h such that 

/ |V/iW| 2 noo dx > rjA-e and / \V h {2) \ 2 noo dx > (I - r]) A - e 

for some 7] G [0, 1], where the sequence (Vhn ^) n >i strongly converges to V/i and 

lim / \h^\ 2 n OQ dx = / h 2 dx = : 6 

n ^°° J R 2 

(this implies the strong convergence of (hn^) n >i towards h in L 2 (noo dx)) because 



/ 

Jr- 



d-2 / \ \ 

x d 



\h^\ 2 noo dx<( \h^\d-2 noo dx) | / n^cte 
\JR 2 / \Vr 2 \b(o,R) 



'R 2 \_B(0,il) \JR 2 / yJR 2 \B(0,fl) 

is uniformly small as R — > oo by Sobolev's inequality and because the last term of the right 

fm 2 \B{o,R) 



hand side is such that lim^oo f K 2\ B / R \ nH 2 dx = 0. Of course, we know that 



r/A > / |V/i| 2 dx > A9 
Jr 2 

by definition of A. The above estimate also guarantees that 

/ | 2 rioo dx =: e n — > as n — > oo . 

Jr 2 \b(o,r) 

By construction of (hn^) n >i and (hrP)n>li we know that |/in^| 2 + |^-n 2 ' ) | 2 = \h n \ 2 and hence 
6 = 1. This also means that r/ = 1 and hence h is a minimizer, since the constraint passes to 
the limit: 



/ h / ,o "-oo dx = lim / h n f 0fi dx = . 
Jr 2 n ^°° Jr 2 
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The function h is a solution of the Euler-Lagrange equation: 

—Ah = Ahn-oo . 

By Proposition [9J if A = 1, then h and /o,o are collinear, which is a contradiction with the 
constraint. This proves that A > 1. □ 

Notice that the functions and Cqo being radial symmetric, we know that a decomposition 
into spherical harmonics allows to reduce the problem of computing all eigenvalues to radially 
symmetric eigenvalue problems. This provides a method to compute the explicit value of A, at 
least numerically. 



Remark 4. Inequality (|5.2[) is a Poincare inequality, which has already been established in p2 
as a linearized version of an Onofri type inequality. This Onofri inequality is dual of the loga- 
rithmic Hardy- Littlewood-Sobolev type inequality that has been established in [10] and according 
to which the free energy functional F[n] is nonnegative. 

A straightforward consequence of Theorem [T7J is that we can estimate f R2 f 2 ^oo dx in terms 
of Qi[/] = / R2 /(/ - 5Coo)rioo dx. 

Corollary 18. For the same value of A > 1 as in Theorem \17\ we have 

[ / 2 noodx< /-Qi[/] 

for any f € L 2 (R 2 , dx) such that (|4.3|) holds. 
Proof. We may indeed write 

Qi[/] = ^^ / f 2 n oa dx + \ ( f \f\ 2 noD dx-A[ /n 00 (-A)- 1 (/n o)ds > ) 

A JlR2 A \J R 2 J R 2 J 

and use the fact that the last term of the right hand side is nonnegative. □ 

6. The large time behavior 

This section is devoted to the proof of Theorem [TJ Our approach is guided by the anal- 
ysis of the evolution equation corresponding to the linearization of the Keller-Segel system: 
see Section 16.11 The key estimates for the nonlinear evolution problem have been stated in 
Theorem 1151 Theorem 1171 and Corollary 1181 Nonlinear terms are estimated using Corollary [71 

6.1. A linearized evolution problem. We recall that the restriction of C to f(Li) is a 
self-adjoint operator with domain T>(\-2), such that 

(/,£/} = -Q 2 [/] V/€2?(L 2 ). 

and Ker(£) nP(L 2 ) = {0} 

By Proposition [TTJ any solution (t,x) \— > f(t,x) of the linearized Keller-Segel model 

[% = Cf xeR 2 , t>0, 

\ -A(gcoo) = frioo iGR 2 , t>0, 
has an exponential decay, since we know that 

j t (f(t,-),f(t,-)) = 2(f(t,-),Cf(t,-)), 

that is 

j t Ch[/(i, •)] = - 2 Q 2 [/(t, ■)] < - 2 Qi[/(i, •)] 
by Theorem [15j Hence we obtain 

Qi[/(V)]<Qi[/(0,-)]^ 2i VtGM+. 
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Here we adopt the usual convention that Q2[/] = +00 for any / E £>(Li) \ Vfa). 
6.2. Proof of Theorem [B As in [8], Eq. (JL3]) 

can be rewritten in terms of / — (n — ^00)7^00 
and g = (c — c^/cx in the form of (|4.ip . that is 

%=Cf-—V[n 0O fV{gc 0O )] . 

The computation for the linearized problem established in Section 16.11 can be adapted to the 
nonlinear case and gives 

d 



dt 



Q 1 [f(t,-)] = -2Q 2 [f(t,-)}+ [ V(/ -5Coo)/rtoc-V( ff c 

7R2 



cia; , 



with — 2Q2[/(i, •)] < ~~ 2Qi[/(t, •)] according to Theorem [TS1 To get an estimate on the 
asymptotic behaviour, we have to establish an estimate of the last term of the right hand side, 
which is cubic in terms of /. For this purpose, we apply Holder's inequality and Lemma to 
get 

2 



/ V(/-5c 0O )/n 0O ■ V(ffCoo) dx ) < Q 2 [f] / f 2 dx \\V(gc, 

JR2 J J R 2 



J\\L C 



Using Lemma [6] and Corollary [T8| we find that the right hand side can be bounded by 

C(e) J ^jQ 1 [f]Q 2 [f] (||/noo|L a - e(R3 ) + ||/noolL a+ . 

From [TOj Theorem 1.2] and Corollary [7J we know that lim^oo \\f(t, •) nooll^i^) = and 
lim^oo \\f(t, •) «oo|L<x>(]g2) = and therefore, for any given e £ (0, 1), there exists a continuous 
function t h-» 5(t, e) with lim^oo 5(t, e) = such that 

Woo lli,2-e(R2) + Woo|L2+ e(R 2) < 5(t,e) . 

As a consequence, we know that 
d 



Jt Qi[/(i, ■)] < - 2 Q 2 [/(*, •)] + S(t, e) v/Qi[/(t,-)] Q2 [/(*,•)] < (<*(*, e) - 2) Q 2 [/(t, •)] , 

where the last inequality is a consequence of Theorem 1151 This proves that Qi[/(i, ■)] is 
uniformly bounded with respect to t as t — > 00: there exists a constant Q > such that 

Qi[/(V)]<G Vt>0. 

Now we can give a more detailed estimate. Using again Holder's inequality, we find that 



[ (\f\noo) 2+E dx<Q 1 [f]\\fn 00 \\l 
Jr 2 



1 

2+e 



that is 

||/noo|lia+.(Ra) < (Ql[/]) 2+£ ||/noo|| L t S (K2) ll™oc|| L oc 
and 

g 2(l-e) £ 1-e 1-e 

||/ n oo|lL2- e ( K 2) < ||/^oo|| L i( R 2) ll/ n oo|| L 2(K2) — ll/ n oo|| L i( R 2) (Ql[/]) 2-e ll n oo|| ioo e 



Recall that lim^oo \\f(t, ■) rooo||ii( R 2) = and lim^oo \\f(t, ■) || i00 ( R 2) = according to [TU1 
Theorem 1.2] and Corollary [7J respectively. For any given e E (0, 1), there exists a continuous 
function (that we again denote by 6): 1 1-> <5(t,e), with lim^oo 5(t, e) = 0, such that 

^Qi[/]<-2Q 2 [/] + «y(t,e)(Q 2 [/])'(Q 1 [/])' (QiI/])^ 1 +Qi[/])^ 
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Since Qi[/] < Q2[/], this provides the estimate 

j t Qi[/] < -VW] (2 VQMi - S(t, e) (Qi I/])^ 1 " (Qi I/])* 7 ) ■ 

Altogether, this proves that 

2- 5{t,e)[Q^ + . 
For £ > large enough, the right hand side becomes negative and we have found that 

2- S(t,e) (g^f + , 
thus showing that 

lim sup eP-^Qi [/(*,•)] 

< 00 

i— >oo 

for any 77 G (0, 2). Actually we know from the above estimates that 

2 VW(t,-)] - S(t, e) (Qi [/(*, 01)^ - (Qi [/(*> Ol) 5 ^ 

is positive for £ > 0, large enough, thus showing that 

2-«y(t,e)(Q 1 [/(t,.)])^+Qi[/(t,-)])^ • 
As a consequence, we finally get that 

lim sup e 2 * Qi[/(i, •)] < 00 ; 

i— >oo 

which completes the proof of Theorem [TJ □ 
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